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MOTIVIC SPECTRAL SEQUENCE FOR RELATIVE HOMOTOPY
K-THEORY
AMALENDU KRISHNA, PABLO PELAEZ
Abstract. We construct a motivic spectral sequence for the rela-
tive homotopy invariant K-theory of a closed immersion of schemes
D ⊂ X . The E2-terms of this spectral sequence are the cdh-
hypercohomology of a complex of equidimensional cycles.
Using this spectral sequence, we obtain a cycle class map from
the relative motivic cohomology group of 0-cycles to the relative
homotopy invariant K-theory. For a smooth scheme X and a di-
visor D ⊂ X , we construct a canonical homomorphism from the
Chow groups with modulus CHi(X |D) to the relative motivic co-
homology groups H2i(X |D,Z(i)) appearing in the above spectral
sequence. This map is shown to be an isomorphism when X is
affine and i = dim(X).
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1. Introduction
In this text, we construct an Atiyah-Hirzebruch type spectral sequence for the
relative algebraic K-theory of a closed immersion of smooth schemes, and relate
the E2-terms of this spectral sequence with the known Chow groups with modulus
in various cases. This section provides the background of the problem, a summary
of main results, their statements and outline of proofs.
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1.1. The background. Since the advent of higher algebraic K-theory of rings and
schemes by Quillen, the goal has been to search for tools for computing these higher
K-groups. In his seminal work [4], Bloch introduced the theory of higher Chow
groups of schemes. He showed that these higher Chow groups rationally coincide
with the algebraic K-groups of schemes. It was later shown by Bloch-Lichtenbaum
[7], Friedlander-Suslin [11] and Levine [26] that there exists an Atiyah-Hirzebruch
type spectral sequence whose E2-terms are Bloch’s higher Chow groups and which
abuts to the algebraic K-theory of a smooth scheme.
After the introduction of motivic homotopy theory by Voevodsky and his coau-
thors, it was subsequently observed by Voevodsky that the motivic T -spectra in
the motivic stable homotopy category over a field (e.g., the algebraic K-theory
spectrum KGL) could be understood well via their slice filtration. Voevodsky [28,
Chapter 19] also showed that the motivic cohomology groups appearing in the spec-
tral sequence resulting from the slice filtration for the algebraic K-theory spectrum
coincide with Bloch’s higher Chow groups. Since then, Voevodsky’s slice filtration
has become a very powerful tool to compute algebraicK-theory of smooth schemes.
One immediate question that arises out of the works of Friedlander-Suslin and
Voevodsky is if it is possible to construct a convergent spectral sequence which
computes the relative algebraicK-theoryK(X,D) for a closed immersion of smooth
schemes D ⊂ X , and which reduces to the earlier spectral sequence when D = ∅.
The first problem that one faces in order to answer this question is to define a
relative motivic cohomology theory which would constitute the E2-terms of such a
spectral sequence. Based on the theories of additive higher Chow groups by Bloch
and Esnault [6] and Chow groups with modulus by Kerz and Saito [19], a theory of
higher Chow groups with modulus was introduced by Binda and Saito in [3]. It is
expected that these higher Chow groups with modulus (or some refined version of
them) constitute the E2-terms of a spectral sequence which would converge to the
relative algebraic K-theory K(X,D) whenever D is an effective Cartier divisor in
a smooth scheme X over a field.
1.2. Summary of main results. Despite the introduction of higher Chow groups
with modulus, connecting these groups to relative algebraic K-theory, and in par-
ticular, constructing the desired spectral sequence, remains one of the challenging
current problems in algebraic K-theory. This paper is an attempt in this direction.
Here, we do not construct a spectral sequence whose E2-terms are the higher Chow
groups with modulus. What we do instead is to expand and feed the machinery of
Voevodsky’s slice filtration into the setting of relative K-theory. What results is a
strongly convergent spectral sequence abutting to the relative algebraicK-theory of
a closed immersion of smooth schemes D ⊂ X . More generally, we show that such
a spectral sequence exists for the relative homotopy invariant K-theory KH(X,D)
for any closed immersion of schemes D ⊂ X .
Given a closed immersion of a divisor D inside a smooth scheme X , we show that
the E2-terms of our spectral sequence can be described as the cdh-hypercohomology
of a subcomplex of the complex of equidimensional cycles of Friedlander-Suslin-
Voevodsky on a scheme SX . This scheme is obtained from gluing two copies of X
along D. If X is projective, these E2-terms are shown to coincide with the motivic
cohomology with compact support [12] of the complement of D in X .
Another aspect of our spectral sequence is its degeneration with rational coeffi-
cients. An important consequence of this is that it allows us to provide a complete
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description of the rational relative K-theory of projective schemes in terms of the
motivic cohomology with compact support. Furthermore, it allows us to prove the
Grothendieck Riemann-Roch theorem for relative K-theory of smooth schemes (see
Theorem 5.21). Prior to this work, it was not known if the relative K-theory of a
smooth pair of projective schemes could be described in terms of motivic cohomol-
ogy with compact support.
Having this spectral sequence in hand, what remains to connect Chow groups
with modulus with relative K-theory of a smooth divisor D inside a smooth scheme
X is to show the agreement between the E2-terms of our spectral sequence and
the Chow groups with modulus. In an attempt in this direction, we construct a
canonical homomorphism from the Chow groups with modulus to the E2-terms
of our spectral sequence. We then show that for 0-cycles, this map is in fact
an isomorphism when X is affine. This provides some evidence that the spectral
sequence constructed in this paper might be the answer to the question of relating
Chow groups with modulus with relative algebraic K-theory of smooth pairs.
1.3. Statements of main results. The results we prove can be summarized as
follows. The exact hypothesis of each statement, notations and terms used in these
results will be explained and made precise at appropriate places in this text.
Let k be a perfect field and let Λ denote the ring Z if k admits resolution of
singularities or, Z[ 1
p
] if k has characteristic p > 0. For an abelian group A, let
AΛ = A ⊗Z Λ. Given a morphism of schemes f : D → X over k, let KH(X,D)
denote the homotopy fiber of the map of Weibel’s homotopy K-theory spectra
f∗ : KH(X)→ KH(D). Note that KH(X,D) coincides with the relative algebraic
K-theory spectrum K(X,D) if X and D are smooth.
Recall from [28, Lecture 16] that the presheaf of abelian groups zequi(A
q
k, 0) on
the category of smooth schemes over k is defined by letting zequi(A
q
k, 0)(U) be the
free abelian group generated by the closed and irreducible subschemes Z ( U ×Aqk
which are dominant and equidimensional of relative dimension zero over a compo-
nent of U . Let C∗zequi(A
q
k, 0) denote the chain complex of presheaves of abelian
groups associated, via the Dold-Kan correspondence, to the simplicial presheaf
given by Cnzequi(A
q
k, 0)(U) = zequi(A
q
k, 0)(U × ∆
n
k ). Given a smooth scheme X
over k and an effective Cartier divisor D ⊂ X , let SX denote the scheme ob-
tained by gluing two copies of X along D and let ∇ : SX → X be the fold map.
We let ΛX|D(q)[2q] denote the complex of sheaves on the cdh-site of X given by
ΛX|D(q)[2q] = Ker((∇∗(C∗zequi(A
q
k, 0)|(SX)cdh))→ C∗zequi(A
q
k, 0)|Xcdh).
The relative motivic cohomology Ha(X |D,Λ(b)) where D ⊂ X is a closed sub-
scheme, is defined in the motivic stable homotopy category in terms of maps from
the mapping cone of D → X into the Eilenberg-MacLane HΛ spectrum represent-
ing motivic cohomology, see 4.3.1, 4.11, 4.19.
Theorem 1.4. Let X be a separated scheme of finite type over k and let D ⊂ X
be a closed subscheme. Then the following hold.
(1) There exists a strongly convergent spectral sequence
Ea,b2 = H
a−b(X |D,Λ(−b))⇒ KH−a−b(X,D)Λ.
This spectral sequence degenerates with rational coefficients.
(2) The spectral sequence exists with integral coefficients if X and Y are regular.
4 AMALENDU KRISHNA, PABLO PELAEZ
(3) If X is regular and D ⊂ X is a Cartier divisor, then Ha(X |D,Λ(b)) ∼=
Ha−2bcdh (X,ΛX|D(b)[2b]).
(4) If X is projective over k, then Ha(X |D,Λ(b)) = Hac (X \ D,Λ(b)) is the
Friedlander-Voevodsky motivic cohomology with compact support of X \D.
Theorem 1.5. If X has dimension d, then:
(1) There exists a cycle class map
cyci : H
2d+i(X |D,Λ(d+ i))→ KHi(X,D)Λ.
(2) If k admits resolution of singularities, X is regular and D ⊂ X is an
effective Cartier divisor, there exist Chern class maps
cX|D,a,b : KHa(X,D)Λ → H
2b−a(X |D,Λ(q))
which are functorial in the pair (X,D).
Theorem 1.6. If X is regular, D ⊂ X an effective Cartier divisor and i ≥ 0 an
integer, there exists a homomorphism
λX|D : CH
i(X |D)Λ → H
2i(X |D,Λ(i)).
If k is furthermore algebraically closed, X is affine of dimension d and D is
regular, then there is an isomorphism λX|D : CH
d(X |D)
∼=
−→ H2d(X |D,Z(d)).
1.7. Outline of proofs. We end this section with a brief outline of our proofs.
The idea of the construction of the spectral sequence for relative K-theory came
from our previous work [25], where such a spectral sequence was constructed for the
KH-theory of singular schemes. Extending our techniques, we feed the machinery
of the slice filtration into the relative setting. By mapping the mapping cone of a
closed immersion of schemes into the slice filtration of KGL and generalizing some
results of [25] to the relative case, we obtain the desired spectral sequence and its
rational degeneration.
In order to get a tower for the relativeK-theory spectrum leading to the spectral
sequence, we need to use [26] which compares Voevodsky’s slice filtration with
Levine’s homotopy coniveau tower. This yields a tower for relative K-theory whose
layers are identified with the relative motivic cohomology.
The remaining part of this text is devoted to showing a direct relation between
the E2-terms of the spectral sequence with the Chow groups with modulus. In
§ 7, we construct a homomorphism from the higher Chow groups with modulus to
the E2-terms by again using the comparison between the slice and the homotopy
coniveau tower for K-theory. We show in the final section that these maps are
isomorphisms in the 0-cycle range for affine schemes. This critically uses the affine
Roitman torsion theorem of [21] as the main input.
2. Review of motivic spaces and algebraic cycles
In this section, we fix our notations and provide a limited recollection of some
definitions and known results related to the stable homotopy category of smooth
schemes over a base scheme. We recall the definitions of cycles with modulus on
smooth schemes and Levine-Weibel Chow groups of singular schemes. This Chow
group of singular schemes will play a crucial role in our comparison between Chow
group of 0-cycles with modulus and relative motivic cohomology.
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2.1. Definitions and Notation. We will write k for a perfect field of exponen-
tial characteristic p (in some cases we will assume that the field k admits resolu-
tion of singularities [12, Definition 3.4]). Let Schk be the category of separated
schemes of finite type over k and Smk be the full subcategory of Schk consisting of
smooth schemes over k. If X ∈ Schk, we will write SmX for the full subcategory
of Schk consisting of smooth schemes over X . Let (Smk)Nis (resp. (SmX)Nis,
(Schk)cdh, (Schk)Nis) denote Smk equipped with the Nisnevich topology (resp.
SmX equipped with the Nisnevich topology, Schk equipped with the cdh-topology,
Schk equipped with the Nisnevich topology). To simplify the notation we will write
X × Y for X ×Spec (k) Y .
Let M (resp. MX , Mcdh) be the category of pointed simplicial presheaves on
Smk (resp. SmX , Schk) equipped with the motivic model structure described in
[16] considering the Nisnevich topology on Smk (resp. Nisnevich topology on SmX ,
cdh-topology on Schk) and the affine line A
1
k as an interval. A simplicial presheaf
will often be called a motivic space.
Let T in M (resp. MX , Mcdh) be the pointed simplicial presheaf represented
by S1s ∧ S
1
t , where S
1
t is A
1
k \ {0} (resp. A
1
X \ {0}, A
1
k \ {0}) pointed by 1, and S
1
s
denotes the simplicial circle. Given an arbitrary integer r ≥ 1, let Srs (resp. S
r
t )
denote the iterated smash product of S1s (resp. S
1
t ) with r-factors: S
1
s ∧ · · · ∧ S
1
s
(resp. S1t ∧ · · · ∧ S
1
t ); S
0
s = S
0
t will be by definition equal to the pointed simplicial
presheaf represented by the base scheme Spec (k) (resp. X , Spec (k)).
Let Spt(M) (resp. Spt(MX), Spt(Mcdh)) denote the category of symmetric
T -spectra on M (resp. MX , Mcdh) equipped with the motivic model structure
defined in [15, 8.7]. We will write SH (resp. SHX , SHcdh) for the homotopy
category of Spt(M) (resp. Spt(MX), Spt(Mcdh)) which is a tensor triangulated
category. For any two integers m, n ∈ Z, let Σm,n denote the automorphism
Σm−ns ◦Σ
n
t : SH → SH (this also makes sense in SHX and SHcdh). We will write
ΣnT for Σ
2n,n, and E∧F for the smash product of E, F ∈ SH (resp. SHX , SHcdh).
Given a simplicial presheaf A, we will write A+ for the pointed simplicial presheaf
obtained by adding a disjoint base point (isomorphic to the base scheme) to A. For
any B ∈ M, let Σ∞T (B) denote the object (B, T ∧B, · · · ) ∈ Spt(M). This functor
makes sense for objects in Mcdh and MX as well.
If F : A → B is a functor with right adjoint G : B → A, we shall say that
(F,G) : A → B is an adjunction. We will use the following notation in all the
categories under consideration: ∗ will denote the terminal object, and ∼= will denote
that a map (resp. functor) is an isomorphism (resp. equivalence of categories).
Throughout this paper, Λ will denote the ring Z if k admits resolution of singular-
ities, or the ring Z[ 1
p
] otherwise. For any abelian groupM , we shall letMΛ =M⊗
Z
Λ.
2.2. Some known results in motivic homotopy theory. Let X ∈ Schk and
let v : X → Spec (k) denote the structure map. Let π : (Schk)cdh → (Smk)Nis
be the canonical continuous map of sites. We will write (π∗, π∗) : M → Mcdh,
(v∗, v∗) :M→MX for the adjunctions induced by π, v respectively. We will also
consider the morphism of sites πX : (Schk)cdh → (SmX)Nis and the corresponding
adjunction (π∗X , πX∗) :MX →Mcdh. The following result can be found in [25, 2.4
and 2.9].
Proposition 2.3. The adjunctions (π∗, π∗) : M → Mcdh, (v∗, v∗) : M → MX ,
(π∗X , πX∗) :MX →Mcdh are Quillen adjunctions.
We further conclude from Proposition 2.3 and [15, Theorem 9.3] the following:
Proposition 2.4. The pairs (π∗, π∗), (v
∗, v∗) and (π
∗
X , πX∗) are Quillen adjunc-
tions between stable model categories.
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We deduce from Proposition 2.4 that there are pairs of adjoint functors (Lπ∗,Rπ∗) :
SH → SHcdh, (Lv∗,Rv∗) : SH → SHX and (Lπ∗X ,RπX∗) : SHX → SHcdh be-
tween the various stable homotopy categories of motivic T -spectra. We observe
that for a ≥ b ≥ 0, the suspension functor Σa,b in SH (resp. SHX , SHcdh) is the
derived functor of the left Quillen functor E 7→ Sa−bs ∧ S
b
t ∧ E in Spt(M) (resp.
Spt(MX), Spt(Mcdh)). Since the functors π∗, v∗, π∗X are simplicial and symmetric
monoidal, we deduce that they commute with the suspension functors Σm,n, i.e., for
every m, n ∈ Z: Lπ∗ ◦Σm,n(−) ∼= Σm,n ◦Lπ∗(−), Lv∗ ◦Σm,n(−) ∼= Σm,n ◦Lv∗(−)
and Lπ∗X ◦ Σ
m,n(−) ∼= Σm,n ◦ Lπ∗X(−).
2.5. Higher Chow groups with modulus. For n ≥ 1, let n denote the scheme
Ank
∼= (P1k \ {∞})
n. Let (y1, · · · , yn) denote the coordinate of a point on n. We
shall denote the scheme (P1k)
n by 
n
. For 1 ≤ i ≤ n, let F∞n,i denote the closed
subscheme of 
n
given by the equation {yi = ∞}. We shall denote the divisor
n∑
i=1
F∞n,i by F
∞
n .
Let X be a smooth quasi-projective scheme of dimension d ≥ 0 over k and let
D ⊂ X be an effective Cartier divisor. For r ∈ Z and n ≥ 0, let zr(X |D,n) be the
free abelian group on integral closed subschemes V of X × n of dimension r + n
satisfying the following conditions.
(1) (Face condition) For each face F of n, V intersects X × F properly:
dimk(V ∩ (X × F )) ≤ r + dimk(F ), and
(2) (Modulus condition) V is a cycle with modulus D relative to F∞n :
ν∗(D ×
n
) ≤ ν∗(X × F∞n ),
where V is the closure of V in X×
n
and ν : V
N
→ V → X×
n
is the composite
map from the normalization of V . We let zr(X |D,n)degn denote the subgroup of
zr(X |D,n) generated by cycles which are pull-back of some cycles under various
projections X ×n → X ×m with m < n.
Definition 2.6. The cycle complex with modulus (zr(X |D, •), d) of X in dimension
r and with modulus D is the non-degenerate complex associated to the cubical
abelian group n 7→ zr(X |D,n), i.e.,
zr(X |D,n) :=
zr(X |D,n)
zr(X |D,n)degn
.
The homology CHr(X |D,n) := Hn(zr(X |D, •)) is called a higher Chow group of
X with modulus D. Sometimes, we also write it as the Chow group of the modulus
pair (X,D). If X has dimension d, we write CHr(X |D,n) = CHd−r(X |D,n). We
shall often write CHr(X |D, 0) as CHr(X |D). We refer to [24] for further details on
this definition. The reader should note that CHr(X |D,n) coincides with the usual
higher Chow group of Bloch CHr(X,n) if D = ∅.
2.7. Levine-Weibel Chow group of singular schemes. We recall the definition
of the cohomological Chow group of 0-cycles for singular schemes from [2] and [27].
Let X be a reduced quasi-projective scheme of dimension d ≥ 1 over k. Let Xsing
andXreg respectively denote the loci of the singular and the regular points ofX . We
let XN denote the normalization of X . Given a nowhere dense closed subscheme
Y ⊂ X such that Xsing ⊆ Y and no component of X is contained in Y , we let
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Z0(X,Y ) denote the free abelian group on the closed points of X \ Y . We write
Z0(X,Xsing) in short as Z0(X).
Definition 2.8. Let C be a pure dimension one reduced scheme in Schk. We shall
say that a pair (C,Z) is a good curve relative to X if there exists a finite morphism
ν : C → X and a closed proper subscheme Z ( C such that the following hold.
(1) No component of C is contained in Z.
(2) ν−1(Xsing) ∪ Csing ⊆ Z.
(3) ν is local complete intersection at every point x ∈ C such that ν(x) ∈ Xsing.
Let (C,Z) be a good curve relative to X and let {η1, · · · , ηr} be the set of generic
points of C. Let OC,Z denote the semilocal ring of C at S = Z ∪ {η1, · · · , ηr}. Let
k(C) denote the ring of total quotients of C and write O×C,Z for the group of units in
OC,Z . Notice that OC,Z coincides with k(C) if |Z| = ∅. As C is Cohen-Macaulay,
O×C,Z is the subgroup of k(C)
× consisting of those f which are regular and invertible
in the local rings OC,x for every x ∈ Z.
Given any f ∈ O×C,Z →֒ k(C)
×, we denote by divC(f) (or div(f) in short) the
divisor of zeros and poles of f on C, which is defined as follows. If C1, . . . , Cr are
the irreducible components of C, and fi is the factor of f in k(Ci), we set div(f) to
be the 0-cycle
∑r
i=1 div(fi), where div(fi) is the usual divisor of a rational function
on an integral curve in the classical sense. As f is an invertible regular function on
C along Z, div(f) ∈ Z0(C,Z).
By definition, given any good curve (C,Z) relative to X , we have a push-forward
map Z0(C,Z)
ν∗−→ Z0(X). We shall write R0(C,Z,X) for the subgroup of Z0(X)
generated by the set {ν∗(div(f))|f ∈ O
×
C,Z}. Let R0(X) denote the subgroup of
Z0(X) generated by the image of the map R0(C,Z,X) → Z0(X), where (C,Z)
runs through all good curves relative to X . We let CH0(X) =
Z0(X)
R0(X)
.
If we let RLW0 (X) denote the subgroup of Z0(X) generated by the divisors
of rational functions on good curves as above, where we further assume that
the map ν : C → X is a closed immersion, then the resulting quotient group
Z0(X)/RLW0 (X) is denoted by CH
LW
0 (X). Such curves on X are called the Cartier
curves. There is a canonical surjection CHLW0 (X) ։ CH0(X). The Chow group
CHLW0 (X) was discovered by Levine and Weibel [27] in an attempt to describe the
Grothendieck group of a singular scheme in terms of algebraic cycles. The modified
version CH0(X) was introduced in [2].
2.9. The double and its Chow group. Let X be a smooth quasi-projective
scheme of dimension d over k and let D ⊂ X be an effective Cartier divisor. Recall
from [2, § 2.1] that the double of X along D is a quasi-projective scheme S(X,D) =
X ∐D X so that
(2.10)
D
ι //
ι

X
ι+

X
ι−
// S(X,D)
is a co-Cartesian square in Schk. In particular, the identity map of X induces
a finite map ∇ : S(X,D) → X such that ∇ ◦ ι± = IdX and π = ι+ ∐ ι− :
X ∐ X → S(X,D) is the normalization map. We let X± = ι±(X) ⊂ S(X,D)
denote the two irreducible components of S(X,D). We shall often write S(X,D)
as SX when the divisor D is understood. SX is a reduced quasi-projective scheme
8 AMALENDU KRISHNA, PABLO PELAEZ
whose singular locus is Dred ⊂ SX . It is projective whenever X is so. It follows
from [22, Lemma 2.2] that (2.10) is also a Cartesian square.
It is clear that the map Z0(SX , D)
(ι∗+,ι
∗
−)
−−−−−→ Z0(X+, D)⊕Z0(X−, D) is an isomor-
phism. Notice also that there are push-forward inclusion maps p±∗ : Z0(X,D) →
Z0(SX , D) such that ι∗+ ◦ p+∗ = Id and ι
∗
+ ◦ p−∗ = 0. The fundamental result that
connects the 0-cycles with modulus on X and 0-cycles on SX is the following.
Theorem 2.11. ([2, Theorem 1.12]) Let X be a smooth quasi-projective scheme
over k and let D ⊂ X be an effective Cartier divisor. Then there is a split short
exact sequence
0→ CH0(X |D)
p+∗−−→ CH0(SX)
ι∗−
−→ CH0(X)→ 0.
3. Relative Homotopy Invariant K-theory
Let SptS1 be the category of Bousfield-Friedlander S
1-spectra equipped with the
stable model structure [26, § 1.2], and H(S1) its homotopy category. We will write
SptS1(Schk) for the category of presheaves on Schk with values in SptS1 . We let
K ∈ SptS1(Schk) denote the Thomason-Trobaugh algebraic K
B-theory spectrum,
and letKH ∈ SptS1(Schk) denote Weibel’s homotopy invariantK-theory spectrum
[39], [8, 2.8]. LetKn(X), n ∈ Z be the n-th homotopy group of the spectrumK(X).
We use similar notation for the homotopy groups of KH(X).
Definition 3.1. Let f : Y → X be a map in Schk.
(1) We will write K(f) (resp. KH(f)) for the homotopy fiber of the map
f∗ : K(X) → K(Y ) (resp. f∗ : KH(X) → KH(Y )) induced by f in
SptS1 . If f is a closed (resp. open) immersion, we will write K(X,Y )
(resp. KX\Y (X)) for K(f). Analogous notations will be used for KH(f)
too. We will write Kn(f) (resp. KHn(f)) for the n-th homotopy group of
the spectrum K(f) (resp. KH(f)).
(2) We will write Mf for the mapping cone of f in Mcdh. Namely, let X+, Y+
denote the simplicial presheaves represented by X , Y with a disjoint base
point. We then factor f in Mcdh:
Y+
f
//
cf %%❑
❑❑
❑❑
❑ X+
Af
wf
OO
where cf (resp. wf ) is a cofibration (resp. trivial fibration) in Mcdh and
let Mf be the pushout in Mcdh of the diagram: ∗ ← Y+
cf
→ Af . If f is a
closed immersion, Mf is canonically identified with the quotient X/Y in
Mcdh.
Since the cofibrant replacement functor is functorial in Mcdh, we deduce that
every commutative diagram in Schk:
Y ′
f ′
//
g′

X ′
g

Y
f
// X
(3.2)
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induces a commutative diagram in Mcdh which is natural in g and g′ (3.2):
Y ′+
g′

cf′
// Af ′ //
(g,g′)A

Mf ′
(g,g′)M

Y+
cf
// Af //Mf
(3.3)
where the rows are cofiber sequences in Mcdh.
3.4. Voevodsky’s KGL spectrum. For any Noetherian separated scheme X of
finite Krull dimension, the motivic T -spectrum KGLX ∈ Spt(MX) was defined by
Voevodsky (see [36, § 6.2]). It represents algebraic K-theory of objects in SmX if
X is regular. It was later shown by Cisinski [8] that for X not necessarily regular,
KGLX represents Weibel’s homotopy invariant K-theory KH∗(Y ) for Y ∈ SmX .
We will write KGL ∈ Spt(Mcdh) for Lπ∗KGLk.
We will write SptS1(Mcdh) for the category of symmetric S
1-spectra on Mcdh
equipped with the motivic model structure defined in [15, 8.7], and SHS
1
cdh for its
homotopy category which is a tensor triangulated category. We shall denote the
homotopy category of SptS1(M) by SH
S1
nis. There is a Quillen adjunction [35, §2]:
(3.5) (Σ∞t ,Ω
∞
t ) : SptS1(Mcdh)→ Spt(Mcdh).
Consider the functor of global sections on X ∈ Schk, ΓX : SptS1(Mcdh) →
SptS1 , which admits a left adjoint X+⊗− : SptS1 → SptS1(Mcdh), (E
0, E1, . . .) 7→
(X+∧E0, X+∧E1, . . .). Since X+⊗− is a left Quillen functor, we obtain a Quillen
adjunction:
(3.6) (X+ ⊗−,ΓX) : SptS1 → SptS1(Mcdh).
We will write RΓX : SH
S1
cdh → H(S
1) (resp. RΩ∞t : SHcdh → SH
S1
cdh) for
the right derived functor of ΓX (resp. Ω
∞
t ), RHom for the internal Hom-functor
in SHS
1
cdh and Σ
∞
S1
: Mcdh → SptS1(Mcdh), A 7→ (A,S
1 ∧ A, . . .) for the infinite
suspension functor. When X = Spec (k), we will simply write RΓk.
Remark 3.7. Since X+ ⊗ − is naturally isomorphic to the composition Σ∞S1X+ ∧
(Spec (k)+⊗−), we deduce thatRΓX is naturally isomorphic toRΓk◦RHom(Σ∞S1X+,−).
By construction and Definition 3.1(2), there is a commutative diagram in SptS1(Mcdh):
Σ∞S1Y+
//
f

Σ∞S1Af
//
wfvv♠♠
♠♠♠
♠♠
Σ∞S1Mf
Σ∞
S1
X+,
where the top row is a cofiber sequence and wf is a S
1-stable weak equivalence. So
this induces a commutative diagram where the solid arrows form a fiber sequence
in SHS
1
cdh (recall that KGL is by definition Lπ
∗KGLk) and w
∗
f is an isomorphism
(see the last paragraph of [36, Page 592]):
RHom(Σ∞
S1
Mf ,RΩ
∞
t KGL)
// RHom(Σ∞
S1
Af ,RΩ
∞
t KGL)

RHom(Σ∞
S1
X+,RΩ
∞
t KGL)
f∗
//❴❴❴
w∗f
22❡❡❡❡❡❡❡
RHom(Σ∞
S1
Y+,RΩ
∞
t KGL).
Thus, applying RΓk, we obtain the commutative diagram
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RΓk ◦RHom(Σ∞S1Mf ,RΩ
∞
t KGL) // RΓk ◦RHom(Σ
∞
S1
Af ,RΩ
∞
t KGL)

RΓk ◦RHom(Σ∞S1X+,RΩ
∞
t KGL)
f∗
//❴❴
w∗f
22❞❞❞❞❞❞❞❞
RΓk ◦RHom(Σ∞S1Y+,RΩ
∞
t KGL).
(3.8)
where the solid arrows form a fiber sequence and w∗f is an isomorphism in H(S
1).
Lemma 3.9. The composition of w∗f with the right vertical arrow in (3.8) is canon-
ically identified with the pull-back map f∗ : KH(X)→ KH(Y ) in H(S1).
Proof. The lemma follows immediately by combining §2.16 (see p. 438, line 9) and
Proposition 2.19 of [8], which together imply that there is a canonical isomorphism
RΩ∞t KGL
∼= KH in SHS
1
cdh. 
Corollary 3.10. RΓk◦RHom(Σ∞S1Mf ,RΩ
∞
t KGL)
∼= KH(f) in H(S1) and there-
fore KHn(f) ∼= HomSHcdh(Σ
∞
T Mf [n],KGL). In particular, for a closed immersion
f : Y →֒ X, we have
(3.11) KHn(X,Y ) ∼= HomSHcdh(Σ
∞
T (X/Y )+[n],KGL).
Proof. The corollary follows directly from (3.8), Lemma 3.9, Quillen adjunctions
(3.5) and (3.6), representability result [8, The´ore`me 2.20], and Definition 3.1(1). 
In this paper, we shall write KH(f) and RΓk ◦ RHom(Σ∞S1Mf ,RΩ
∞
t KGL)
interchangeably hereafter. It follows from (3.8), Lemma 3.9 and Corollary 3.10 that
the commutative diagram (3.3), associated to (3.2), induces (g, g′)∗ : KH(f) →
KH(f ′) in H(S1) which fits in a morphism of distinguished triangles in H(S1):
KH(f)
(g,g′)∗

// KH(X)
f∗
//
g∗

KH(Y )
g′∗

KH(f ′) // KH(X ′)
f ′∗
// KH(Y ′).
(3.12)
Remark 3.13. By construction, the diagram (3.12) is natural in (g, g′) in (3.2).
4. Relative motivic cohomology
We continue to assume that k is a perfect field of exponential characteristic p.
In this section, we define our relative motivic cohomology for a closed immersion
of schemes Y ⊂ X in Schk. We shall then show that this relative motivic coho-
mology can be described as the cdh-hypercohomology of a presheaf of complexes of
equidimensional cycles. These relative cohomology groups will later constitute the
E2-terms of our spectral sequence for relative KH-theory.
4.1. Motivic cohomology of singular schemes. Recall from [28, Lecture 16]
that given T ∈ Schk and an integer r ≥ 0, the presheaf zequi(T, r) on Smk is
defined by letting zequi(T, r)(U) be the free abelian group generated by the closed
and irreducible subschemes Z ( U ×T which are dominant and equidimensional of
relative dimension r (any fiber is either empty or all its components have dimension
r) over a component of U . It is known that zequi(T, r) is a sheaf on the big e´tale
site of Smk.
MOTIVIC SPECTRAL SEQUENCE FOR RELATIVE HOMOTOPY K-THEORY 11
Let C∗zequi(T, r) denote the chain complex of presheaves of abelian groups asso-
ciated, via the Dold-Kan correspondence, to the simplicial presheaf on Smk given by
Cnzequi(T, r)(U) = zequi(T, r)(U ×∆nk ). The simplicial structure on C∗zequi(T, r)
is induced by the cosimplicial scheme ∆•k. Recall the following definition of motivic
cohomology of singular schemes from [12, Definition 9.2].
Definition 4.2. The motivic cohomology groups of X ∈ Schk are defined as the
hypercohomology
Hm(X,Z(n)) = Hm−2ncdh (X,Lπ
∗(C∗zequi(A
n
k , 0)))
∼= Hm−2ncdh (X,C∗zequi(A
n
k , 0)cdh).
We will also need to consider Z[ 1
p
]-coefficients. In this case, we will write:
Hm(X,Z[ 1
p
](n)) = Hm−2ncdh (X,Lπ
∗(C∗zequi(A
n
k , 0)[
1
p
])).
For n < 0, we set Hm(X,Z(n)) = Hm(X,Z[ 1
p
](n)) = 0.
4.3. Motivic cohomology via SHcdh. In order to represent the motivic cohomol-
ogy of a singular scheme X in SHcdh, let us recall the Eilenberg-MacLane spectrum
HZ = (K(0, 0),K(1, 2), · · · ,K(n, 2n), · · · )
in Spt(M), where K(n, 2n) is the presheaf of simplicial abelian groups on Smk
associated to the presheaf of chain complexes C∗(
zequi(P
n
k ,0)
zequi(P
n−1
k
,0)
) via the Dold-Kan
correspondence. The assembly maps of this spectrum are induced by the canonical
map g : P1k → C∗zequi(P
1
k, 0). This map assigns to any map U → P
1
k its graph in
U × P1k. This in turn descends to maps T ∧K(n, 2n)
g∧Id
−−−→ K(1, 2) ∧K(n, 2n)
×
−→
K(n+ 1, 2n+ 2), where the latter is the obvious external product map. Using the
localization theorem, it follows that K(n, 2n) is weak equivalent to C∗zequi(A
n
k , 0).
We shall not distinguish between a simplicial abelian group and the associated chain
complex of abelian groups from now on in this text and will use them interchange-
ably.
By [25, Theorem 3.10] motivic cohomology can be defined via SHcdh, so this
leads naturally to the following definition of relative motivic cohomology. Recall
our notation that Λ denotes the ring Z if k admits resolution of singularities, or the
ring Z[ 1
p
] otherwise.
4.3.1. Relative motivic cohomology. Let f : Y → X be any morphism in Schk.
For any commutative ring R, we define the relative motivic cohomology of the pair
(X,Y ) with coefficients in R by
(4.4) Hm(X |Y,R(n)) = HomSHcdh(Σ
∞
T Mf ,Σ
m,nLπ∗HR).
For n < 0, we set Hm(X |Y,R(n)) = 0. Notice that by [25, 3.10] this definition
reduces to 4.2 when Y = ∅ and R = Λ.
Proposition 4.5. Let k be a perfect field of exponential characteristic p. For any
closed immersion f : Y →֒ X in Smk and integers m, n ∈ Z, there is a natural
isomorphism
(4.6) θX|Y : H
m(X |Y,Z(n))
∼=
−→ HomSH(Σ
∞
T Mf ,Σ
m,nHZ).
Proof. Follows from the definition of relative motivic cohomology (4.4) and [25,
Corollary 2.17]. 
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4.7. Motivic cohomology via DMk. Let MS
tr, MStrcdh denote the category of
presheaves with transfers on Smk, Schk, respectively; equipped with the model
structure induced by the adjunction (tr, U) :M→ MStr, (tr, U) :Mcdh → MS
tr
cdh,
where U is the functor that forgets transfers, i.e., a map f in MStr, MStrcdh is a weak
equivalence (resp. a fibration) if and only if U(f) is a weak equivalence (resp. a
fibration) in M and Mcdh.
We will write Spt(MStr), Spt(MStrcdh) for the category of symmetric T -spectra
on MStr, MStrcdh, respectively; equipped with the stable model structure [15, 8.7],
where T is identified with C∗(
zequi(P
1
X ,0)
zequi(X,0)
). Let DMk (resp. DMcdh) denote the
homotopy category of Spt(MStr), Spt(MStrcdh). Notice that DMk is Voevodsky’s
triangulated category of motives.
There is a T -suspension functor Σ∞T : MS
tr → Spt(MStr), Σ∞T : MS
tr
cdh →
Spt(MStrcdh), and the forgetful functor induces levelwise Quillen adjunctions:
(tr, U) : Spt(M)→ Spt(MStr), (tr, U) : Spt(Mcdh)→ Spt(MS
tr
cdh),(4.8)
which fit in a commutative diagram of left Quillen functors:
Spt(M)
pi∗ //
tr 
Spt(Mcdh)
tr
Spt(MStr)
pi∗ // Spt(MStrcdh).
(4.9)
For X ∈ Schk, we will write M(X) ∈ DMcdh for tr(Σ∞T X) and Z(n)[m] ∈
DMcdh, m, n ∈ Z for tr(Σ
m,nΣ∞T S
0
s ). Given E ∈ DMcdh, we will write E(n) for
E ⊗ Z(n).
Notice that by construction the spectrum HZ ∈ SHcdh representing motivic
cohomology has transfers. Furthermore, for every m, n ∈ Z [9, 5.10-5.11]:
U(Λ(n)[m]) ∼= Σm,nLπ∗HΛ.(4.10)
Since tr(Σ∞T (X+)) =M(X) for anyX ∈ Schk, it follows thatM(Y )→M(X)→
tr(Σ∞T (Mf )) is a distinguished triangle in DMcdh for any closed immersion Y →֒ X .
We let M(X/Y ) := tr(Σ∞T (Mf )).
Let DM(k,Λ) and DMcdh(k,Λ) denote Voevodsky’s big categories of motives
over k with coefficients in Λ with respect to the Nisnevich and cdh-topologies, re-
spectively. Note that DM(k,Z) = DMk. It follows from [9, Proposition 8.1(c)] that
the functor Lπ∗ : DM(k,Λ)→ DMcdh(k,Λ) is an equivalence of tensor triangulated
categories. As a consequence of 4.8-4.10 and 4.4-4.5, we get:
Proposition 4.11. Let k be a perfect field of exponential characteristic p. For any
closed immersion f : Y →֒ X in Schk and integers m, n ∈ Z, there is a natural
isomorphism
Hm(X |Y,Λ(n))
∼=
−→ HomDM(k,Λ)(M(X/Y ),Λ(n)[m]).
If X,Y ∈ Smk, there is a natural isomorphism
Hm(X |Y,Z(n))
∼=
−→ HomDMk(M(X/Y ),Z(n)[m]).
4.12. Motivic Cohomology with (compact) supports. Let X ∈ Schk, j :
U → X an open immersion and Z = X\U its closed complement equipped with
the reduced scheme structure. We will write M c(X) ∈ DMcdh, MZ(X) ∈ DMcdh
respectively for the motive of X with compact supports [37, §4.1] and the motive
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of X with supports on Z, where the latter is defined in terms of a distinguished
triangle M(U)
j
→M(X)→MZ(X) in DMcdh.
Definition 4.13. With the notation of 4.10 and 4.12, let m, n ∈ Z. The motivic
cohomology of X with compact supports of degree m and weight n is given as:
Hmc (X,Z(n)) := HomDMcdh(M
c(X),Z(m)[n]).
Similarly, the motivic cohomology ofX with supports on Z of degreem and weight n
is given byHmZ (X,Z(n)) := HomDMcdh(MZ(X),Z(n)[m]). The motivic cohomology
groups Hmc (X,Z[
1
p
](n)) and HmZ (X,Z[
1
p
](n)) are defined analogously.
Proposition 4.14. With the notation of 3.1, assume that f is a closed (resp. open)
immersion, and let U = X\Y (resp. Z = X\Y ). If f is closed, assume in addition
that X is proper. Then there are natural isomorphisms:
HomSHcdh(Σ
∞
T Mf ,Σ
m,nLπ∗HΛ) ∼= Hmc (U,Λ(n))
resp. HomSHcdh(Σ
∞
T Mf ,Σ
m,nLπ∗HΛ) ∼= HmZ (X,Λ(n)).
If X,Y ∈ Smk, these isomorphisms hold integrally.
Proof. We will give the argument for the first isomorphism since the other one is
parallel. By construction (3.1), there is a distinguished triangle (cs) = Σ∞T Y+ →
Σ∞T X+ → Σ
∞
T Mf in SHcdh. Combining the Quillen adjunctions (4.8) with (4.10),
we are reduced to show that tr(Σ∞T Mf )
∼= M c(U) in DMcdh in general and in
DMk if X,Y ∈ Smk. But this follows from [37, Proposition 4.1.5] and [9, Propo-
sition 8.1(c)] since applying tr to (cs), we obtain a distinguished triangle M(Y )→
M(X)→ tr(Σ∞T Mf) in DMcdh (in DMk if X,Y ∈ Smk). 
4.15. Relative motivic cohomology in terms of hypercohomology of sheaves
of equidimensional cycles. Let X ∈ Smk and let Y ⊂ X be an effective Cartier
divisor. In this case, we can describe the relative motivic cohomology group in
terms of the hypercohomology of a complex of equidimensional cycles. Let SX de-
note the double of X along Y and let ∇ : SX → X denote the fold map (see § 2.9).
We let ∇ also denote the morphism of sites (SX)cdh → Xcdh. For any Z ∈ Schk,
let Sh(Z)cdh denote the category of sheaves of abelian groups on the cdh-site Zcdh.
Lemma 4.16. The direct image functor ∇∗ : Sh(SX)cdh → Sh(X)cdh is exact.
Proof. It suffices to show that ∇ : SX → X is a cdh-covering. But this follows
immediately from [32, Lemma 5.8] because ∇ is finite and it admits a section (see
§ 2.9). 
For any Z ∈ Schk and an integer n ≥ 0, we let ZZ(n)[2n] denote the complex
of sheaves C∗zequi(A
n
k , 0)Zcdh on Zcdh. It follows from Lemma 4.16 that
(4.17) Hm(SX ,Λ(n)) ∼= H
m−2n
cdh (X,∇∗(ΛSX (n)[2n])).
For any morphism of schemes Y → X , we obtain maps Y
ι−
−→ SX ×X Y →
Y whose composite is identity. Pulling back cycles along ι−, we obtain a map
ι∗− : ∇∗(ΛSX (n)[2n]) → ΛX(n)[2n] which admits a section ∇
∗ : ΛX(n)[2n] →
∇∗(ΛSX (n)[2n]). We let ΛX|Y (n)[2n] := Ker(ι
∗
−) so that there is a split short exact
sequence on Xcdh:
(4.18) 0→ ΛX|Y (n)[2n]→ ∇∗(ΛSX (n)[2n])→ ΛX(n)[2n]→ 0.
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Since (2.10) is a cdh-square (see § 2.9), the map ι∗+ : H
m(SX |X−,Λ(n)) →
Hm(X |Y,Λ(n)) is an isomorphism. We conclude from (4.17) and (4.18), the fol-
lowing description of the relative motivic cohomology of the pair (X,Y ) in terms
of equidimensional cycles.
Proposition 4.19. For any integers m,n ∈ Z, there is a natural isomorphism
Hm(X |Y,Λ(n)) ∼= Hm−2ncdh (X,ΛX|D(n)[2n]).
If X is furthermore projective, we have
Hm(X |Y,Λ(n)) ∼= Hm−2nc (X \ Y, (C∗zequi(A
n
k , 0)Λ)cdh).
5. Slice spectral sequence for relative KH-theory
Let k be a perfect field of exponential characteristic p. Given X ∈ Schk, recall
that Voevodsky’s slice filtration of SHX is given as follows. For an integer q ∈ Z, let
ΣqTSH
eff
X denote the smallest full triangulated subcategory of SHX which contains
Cqeff and is closed under arbitrary coproducts, where
(5.1) Cqeff = {Σ
m,nΣ∞T Y+ : m ∈ Z, n ≥ q, Y ∈ SmX}.
In particular, SHeffX is the smallest full triangulated subcategory of SHX which
is closed under infinite direct sums and contains all spectra of the type Σ∞T Y+ with
Y ∈ SmX . The slice filtration of SHX (see [38]) is the sequence of full triangulated
subcategories
· · · ⊆ Σq+1T SH
eff
X ⊆ Σ
q
TSH
eff
X ⊆ Σ
q−1
T SH
eff
X ⊆ · · ·
It is known [30] that the inclusion iq : Σ
q
TSH
eff
X → SHX admits a right adjoint
rq : SHX → Σ
q
TSH
eff
X and that the functors fq, s<q, sq : SHX → SHX are triangu-
lated; where rq ◦ iq is the identity, fq = iq ◦ rq and s<q, sq are characterized by the
existence of the following distinguished triangles in SHX :
(5.2) fqE // E // s<qE and fq+1E // fqE // sqE
for every E ∈ SHX .
Definition 5.3. Let a, b, n ∈ Z and Y ∈ SmX . Let FnEa,b(Y ) be the image of the
map induced by fnE → E (5.2): HomSHX (Σ
∞
T Y+,Σ
a,bfnE)→ HomSHX (Σ
∞
T Y+,Σ
a,bE).
This determines a decreasing filtration F • on Ea,b(Y ) = HomSHX (Σ
∞
T Y+,Σ
a,bE),
and we will write grnF • for the associated graded pieces {FnEa,b(Y )/Fn+1Ea,b(Y )}.
5.4. The slice spectral sequence. Let Y ∈ SmX be a smoothX-scheme andG ∈
SHX . Since SHX is a triangulated category, the collection of distinguished triangles
{fq+1G → fqG → sqG}q∈Z determines a (slice) spectral sequence of the form
Ep,q1 = HomSHX (Σ
∞
T Y+,Σ
p+q
s spG) with G
m,n(Y ) = HomSHX (Σ
∞
T Y+,Σ
m,nG) as
its abutment and differentials dr : E
p,q
r → E
p+r,q−r+1
r .
In order to study the convergence of this spectral sequence, recall from [38, p. 22]
that G ∈ SHX is called bounded with respect to the slice filtration if for every m,
n ∈ Z and every Y ∈ SmX , there exists q ∈ Z such that:
(5.5) HomSHX (Σ
m,nΣ∞T Y+, fq+iG) = 0
for every i > 0. Clearly the slice spectral sequence is strongly convergent when G
is bounded.
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5.6. The slice spectral sequence for KGL. Let k be a perfect field of exponential
characteristic p, and let f : Y → X be a morphism in Schk. Let v : X → Spec (k)
be the structure map. Recall that KGL is by definition Lπ∗KGLk, and the map
Lv∗(KGLk)→ KGLX is an isomorphism by [8, Proposition 3.8].
By [31, 6.2.3.10, 5.3.18 and 5.3.10] we have the Chern character isomorphism
ch : (KGLk)Q
∼=
−→ ⊕q∈ZΣ
q
THQ, and by [31, 5.3.17 and 5.3.10] Σ
q
THQ
∼= (KGLk)
(q)
Q
where (KGLk)
(q)
Q is the qth Adams eigen-spectrum constructed in [31, 5.3.9]. In
addition, one knows that φr : srKGLk
∼=
−→ ΣrTHZ for r ∈ Z [26, Theorem 6.4.2],
which implies si(Σ
r
THZ) = 0 for i 6= r and sr(Σ
r
THZ)
∼= ΣrTHZ. Now, since the
effective categories ΣqTSH
eff are closed under arbitrary coproducts it follows that
the slices si commute with arbitrary coproducts. Hence, we obtain the following
isomorphism:
si(ch) : si(KGLk)Q
∼=
−→ si(⊕q∈ZΣ
q
THQ)
∼= ⊕q∈ZsiΣ
q
THQ
∼= ΣiTHQ ∼= (KGLk)
(i)
Q .
Thus, we conclude that the Chern character isomorphism splits the slice filtra-
tion:
(5.7) ch : (KGLk)Q
∼=
−→ ⊕q∈Zsq(KGLk)Q.
in SH. For q ∈ Z, we let
(5.8) Zsl(Mf , q) : = RΓk ◦RHom(Σ∞S1Mf ,RΩ
∞
t Σ
q
THZ) ∈ H(S
1).
If f is a closed (resp. open) immersion, we write Zsl(Mf , q) as Zsl(X |Y, q) (resp.
ZYsl (X, q)).
Now, by constructions 3.1(2) and (3.3), there is a commutative diagram in
Spt(Mcdh):
Σ∞T Y+
//
f

Σ∞T Af
//
wfvv♥♥
♥♥
♥♥
Σ∞T Mf
Σ∞T X+
(5.9)
where the top row is a cofiber sequence. Since wf : Af → X+ is a weak equivalence
of motivic spaces, the map wf : Σ
∞
T Af → Σ
∞
T X+ is a stable weak equivalence in
Spt(Mcdh) (e.g., see [36, page 592]). Hence, mapping in SHcdh (5.9) into the slice
tower of KGL:
· · · → Lπ∗(fq+1KGLk)→ Lπ
∗(fqKGLk)→ · · · → Lπ
∗(KGLk) = KGL
and splicing together 3.9 and 3.10, we obtain the following result.
Theorem 5.10. Let k be a perfect field, and let f : Y → X be a morphism in
Schk. Then there exists in H(S1), a tower, natural in (X,Y ):
(5.11)
· · · → φq+1KH(f)→ φqKH(f)→ · · · → φ0KH(f)→ φ−1KH(f)→ · · · → KH(f)
and an isomorphism for each q ∈ Z:
(5.12) φq/φq+1KH(f)Λ ∼= Λsl(Mf , q).
where φq/φq+1KH(f) is the cofiber in H(S
1) of the map φq+1KH(f)→ φqKH(f).
Proof. If we let φqKH(f) = RΓk ◦RHom(Σ∞S1Mf ,RΩ
∞
t Lπ
∗(fqKGLk)), we only
need to verify that the cofiber of the map φq+1KH(f)Λ → φqKH(f)Λ is isomorphic
to Λsl(Mf , q). But this follows from the fact that there is an isomorphism Σ
q
THZ
∼=
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fqKGLk/fq+1KGLk in SH (e.g., see [26, § 11.3, Remark 11.3.4]). Moreover, the
same holds for KGL in SHcdh with Λ-coefficients in positive characteristic by [25,
Lemma 4.8]. 
Using Theorem 5.10 together with the Quillen adjunctions of (3.5) and (3.6), we
get our final result:
Theorem 5.13. Let k be a perfect field and let f : Y → X be a morphism in Schk.
Then there is a commutative diagram of strongly convergent spectral sequences:
...

...

Ea,b2 = H
a−b(Mf ,Λ(−b)) +3

KH−a−b(f)Λ

Ea,b2 = H
a−b(X,Λ(−b)) +3
f∗

KH−a−b(X)Λ
f∗

Ea,b2 = H
a−b(Y,Λ(−b)) +3

KH−a−b(Y )Λ

Ea+1,b2 = H
a−b+1(Mf ,Λ(−b)) +3

KH−a−b−1(f)Λ

...
...
with exact columns, where the differentials of the spectral sequence are given by
dr : E
a,b
r → E
a+r,b−r+1
r ; and for every a, b ∈ Z, there exists N > 0 such that
Ea,br = E
a,b
∞ for r ≥ N , where E
a,b
∞ is the associated graded gr
−bF • with respect to
the descending filtration 5.3 on the groups in the right column. Furthermore, these
spectral sequences degenerate with rational coefficients.
Proof. Except for the strong convergence, all the claims follow from Theorem 5.10,
(3.5) and (3.6) and an elementary reindexing to convert the resulting E1-spectral
sequence into an E2-spectral sequence (see the proof of [26, Theorem 11.3.2]). Al-
ternatively, one can use 3.9 and Corollary 3.10 and the method of [25, 4.27]) to
prove the existence of the spectral sequences.
To prove the strong convergence, we recall from [25, 4.7 and 4.10] that KGL[ 1
p
]
is bounded with respect to the slice filtration (5.5). Let m, n ∈ Z be arbitrary
integers, and q1, q2 ∈ Z such that the vanishing condition (5.5) holds for (m,n)
and (m+1, n) respectively. Then, if q is the maximum of q1, q2, we deduce by [25,
Theorem 2.14] and (5.5) that for every i > 0, there is an exact sequence:
HomSHcdh(Σ
m+1,nΣ∞T Y+, fq+iKGL[
1
p
]) // HomSHcdh(Σ
m,nΣ∞T Mf , fq+iKGL[
1
p
])

HomSHcdh(Σ
m,nΣ∞T X+, fq+iKGL[
1
p
]),
where the terms on the left and bottom vanish, so the term in the middle also
vanishes. This implies the desired convergence abutting to KH∗(f)Λ. 
Remark 5.14. With the notation of Definition 3.1, we have the following.
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(1) If f is an open immersion, then Corollary 3.10 and Proposition 4.14 together
imply that the top row of 5.13 is same as (where Z = X\Y ):
Ea,b2 = H
a−b
Z (X,Λ(−b))⇒ KH
Z
−a−b(X)Λ.(5.15)
(2) If f is a closed immersion, then Corollary 3.10 and 4.4-4.5 together imply
that the top row of 5.13 is same as
Ea,b2 = H
a−b(X |Y,Λ(−b))⇒ KH−a−b(X,Y )Λ.
If in addition X is assumed to be proper, Corollary 3.10 and Proposi-
tion 4.14 together imply that the top row of Theorem 5.13 is same as
Ea,b2 = H
a−b
c (X \ Y,Λ(−b))⇒ KH−a−b(X,Y )Λ.(5.16)
As a combination of Theorem 5.13 and [34, Theorem 9.5, 9.6], we obtain the
following result for the Thomason-Trobaugh relative algebraic K-theory K(−) of
singular schemes [34].
Corollary 5.17. Let k be a perfect field of exponential characteristic p. Let ℓ 6= p
be a prime and m ≥ 0 any integer. Given any f : Y → X in Schk, there exists a
strongly convergent spectral sequence
(5.18) Ea,b2 = H
a−b(Mf ,Z/ℓ
m(−b))⇒ K/ℓm−a−b(f).
If p > 0, there exists a strongly convergent spectral sequence
(5.19) Ea,b2 = H
a−b(Mf ,Z[
1
p
](−b))⇒ K−a−b(f)[
1
p
].
5.20. Relative K-theory of smooth closed pair. Our main example of interest
is the relative algebraic K-theory of the pair (X,Y ) where Y ⊂ X is a codimen-
sion one closed immersion of smooth schemes. We now show that Theorems 5.10
and 5.13 can be much simplified to give a more precise description of the tower of
the relative K-theory and of the motivic cohomology in this case.
In any case, it follows from the definition of the tower (5.11) that there is a
distinguished triangle in H(S1):
φqKH(f)→ φqKH(X)
f∗
−→ φqKH(Y )→ φqKH(f)[1].
Let us now assume that f is a closed immersion of smooth schemes over k. In
this case, we know that K(f)→ KH(f) is a weak equivalence. On the other hand,
it follows from [26, Theorem 9.0.3] that the slice tower φ•K(X) coincides with the
homotopy coniveau tower ψ•K(X), where ψqK(X) is the diagonal of the simpli-
cial spectrum K(q)(X,−), defined in [26, 2.1.2]. In particular, we get φqK(f) =
φqK(X,Y ) = K(X,Y ) for q ≤ 0. Furthermore, it follows from Theorem 5.10 and
[26, Theorem 6.4.2] that Zsl(X, q) ∼= φq/φq+1K(X) ∼= ψq/ψq+1K(X) ∼= Σ
∞
S1z
q(X, •),
where zq(X, •) is Bloch’s cycle complex of X [4]. The same holds for Y as well.
We let zqM(X |Y, •) = Cone(f
∗)[−1], where Cone(f∗) denotes the cone of the
restriction map of cycle complexes f∗ : zqY (X, •) → z
q(Y, •). Recall here that
zqY (X, •) ⊂ z
q(X, •) is the subcomplex generated by irreducible cycles which in-
tersect all faces of Y ×∆• properly. By [23, Thm. 1.10] (which relies on Bloch’s
moving [5] lemma) this inclusion is a weak equivalence of simplicial abelian groups.
Letting CHqM(X |Y, i) = Hi(z
q
M(X |Y, •)) and CH
∗
M(X |Y, i) = ⊕q∈ZCH
q
M(X |Y, i),
we conclude that Theorem 5.10 reduces to the following.
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Theorem 5.21. Let k be a perfect field and let f : Y →֒ X be a closed immersion
in Smk. Let (g, g
′) : (X ′, Y ′) → (X,Y ) be a projective morphism of closed pairs
in Smk such that Y
′ = Y ×X X ′. Let Tg ∈ K0(Y ′) be the virtual relative tangent
bundle for g : X ′ → X. Then there is a tower in H(S1):
· · · → φq+1K(X,Y )→ φqK(X,Y )→ · · · → φ0K(X,Y ) = K(X,Y )
and isomorphisms for each q, i ≥ 0:
(1) φq/φq+1K(X,Y ) ∼= Σ
∞
S1z
q
M(X |Y, •)
(2) CHqM(X |Y, i)
∼= H2q−i(X |Y,Z(q)).
(3) There exists a strongly convergent spectral sequence
Ea,b2 = CH
−b
M(X |Y,−a− b)⇒ KH−a−b(X,Y ).
(4) Grothendieck Riemann-Roch theorem: there is a commutative diagram
(5.22) Ki(X
′, Y ′)Q
Td(Tg)ch
//
g∗

CH∗M(X
′|Y ′, i)Q
g∗

Ki(X,Y )Q
ch // CH∗M(X |Y, i)Q,
such that the horizontal arrows are isomorphisms.
Proof. The existence of the tower and (1) are already explained above. The item
(3) follows from (1) and (2). For (2), we note from what is explained above and
the Quillen adjunctions (3.5) and (3.6) that we do have natural maps
(5.23) CHqM(X |Y, i)→ H
−i(X, zqM(−|Y, •)|Xzar)→ H
2q−i(X |Y,Z(q)).
To show that the composite map is an isomorphism, we only have to observe that
this is indeed the case if Y = ∅. We conclude using the 5-lemma. In the Riemann-
Roch theorem (4), the commutativity of the diagram follows from the item (2) and
[29, Theorem 3.15], if we note that a projective morphism of smooth schemes is
a local complete intersection. Finally ch is an isomorphism by (5.7), which also
implies that Td(Tg)ch is an isomorphism since Td(Tg) is a unit in CH
∗
M(X
′, ∗)Q
and CH∗M(X
′|Y ′, ∗)Q has the structure of CH∗M(X
′, ∗)Q-module. 
6. The cycle class and Chern class maps
As an application of Theorem 5.13, we shall now construct a cycle class map
from the relative motivic cohomology in the 0-cycle range to relative KH-theory.
We shall then apply the double construction to construct the Chern class maps.
6.1. The cycle class map. We continue with our assumption on the field k and
the coefficient ring Λ. In order to construct the cycle class map, we shall use the
connective version of the spectrum KGL.
Let X ∈ Schk. Recall that the connective K-theory spectrum KGL
0
X is the
motivic T -spectrum f0KGLX in SHX (see (5.2)). In particular, there is a canonical
map uX : KGL
0
X → KGLX which is universal for morphisms from objects of
SHeffX to KGLX . With the notation of Definition 3.1, we let CKH
p,q(Mf ) =
HomSHcdh(Σ
∞
T Mf ,Σ
p,qLπ∗KGL0).
Apart from the connective cover of KGL, we also need the following vanishing
result for the motivic cohomology with support.
MOTIVIC SPECTRAL SEQUENCE FOR RELATIVE HOMOTOPY K-THEORY 19
Lemma 6.2. Let X ∈ Schk be of dimension d and let Y ⊆ X be a closed sub-
scheme. Then H2a−bY (X,Λ(a)) = H
2a−b
c (X,Λ(a)) = 0 whenever a > d+ b.
Proof. We first show that H2a−bY (X,Λ(a)) = 0 whenever a > d + b. If (X,Y ) is
a smooth pair, then the purity theorem for motivic cohomology (see [32, Theo-
rem 4.10]) implies that H2a−bY (X,Λ(a))
∼= H2(a−q)−b(Y,Λ(a − q)), where Y has
codimension q in X . But it is shown in [25, Theorem 5.1] that the latter group is
zero since a− q > d− q + b = dim(Y ) + b.
We shall now prove the lemma by induction on the dimensions of X and Y .
We first keep our assumption that X is smooth but allow Y to be singular. If
dim(Y ) = 0, then we can assume that Y is smooth and reduce to the previous
case. We can therefore assume that dim(Y ) ≥ 1. Let Z be the singular locus of
Y with reduced induced closed subscheme structure. Since k is perfect, we have
dim(Z) < dim(Y ). There is a commutative diagram
(6.3)
M(X \ Y ) //

M(X) //MY (X)

M(X \ Z) //

M(X) //MZ(X)
MY \Z(X \ Z)
in DMk so that we get a distinguished triangleMY \Z(X \Z)→MY (X)→MZ(X).
This yields an exact sequence
H2a−bZ (X,Λ(a))→ H
2a−b
Y (X,Λ(a))→ H
2a−b
Y \Z (X \ Z,Λ(a)).
The first term vanishes by induction on dim(Y ) and the third term vanishes because
(X \ Z, Y \ Z) is a smooth pair. Hence the middle term vanishes.
We now allowX to be singular and work by induction on dim(X). If dim(X) = 0,
then we can assumeX to be smooth. So we assume dim(X) ≥ 1. Let us first assume
that there is a resolution of singularities f : X˜ → X and let Y˜ = f−1(Y ). Let Z
denote the singular locus of X and let E ⊂ X˜ be the exceptional divisor. If we let
U = X \ Y and U˜ = f−1(U), we get a commutative diagram where the rows are
distinguished triangles in DMk:
(6.4)
M(U ∩ Z)⊕M(U˜) //

M(U) //

M(E ∩ U˜)[1]

M(Z)⊕M(X˜) //M(X) // M(E)[1]
and this gives a distinguished triangle
MY∩Z(Z)⊕MY˜ (X˜)→MY (X)→MY˜ ∩E(E)[1].
The associated long exact sequence of motivic cohomology groups is of the form
H2a−b−1
Y˜ ∩E
(E,Λ(a))→ H2a−bY (X,Λ(a))→ H
2a−b
Y ∩Z (Z,Λ(a))⊕H
2a−b
Y˜
(X˜,Λ(a)).
The end terms vanish either by induction on dim(X) or by the case of smooth
ambient scheme. It follows that the middle term vanishes, as desired.
If X is not smooth and k has positive characteristic, we argue as follows. By a
theorem of Gabber [18] and its strengthening by Temkin [33, Theorem 1.2.9], there
exists W ∈ Smk and a surjective proper map h : W → X , which is generically
e´tale of degree pr, r ≥ 1. By a theorem of Raynaud-Gruson [13, Theorem 5.2.2],
there exists a blow-up f : X˜ → X with nowhere dense center Z ⊂ X such that the
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following diagram commutes, where h′ is finite flat surjective of degree pr and f ′ is
the blow-up of W with center h−1(Z):
W˜
f ′

h′ // X˜
f

W
h
// X.
(6.5)
Using the cdh-excision corresponding to the cdh-cover {X˜ ∐ Z → X} of X and
arguing as above, we get an exact sequence:
H2a−b−1
Y˜ ∩E
(E,Λ(a))→ H2a−bY (X,Λ(a))→ H
2a−b
Y˜
(X˜,Λ(a))⊕H2a−bY ∩Z (Z,Λ(a)),
where we set E = X ′×XZ and Y˜ = f−1(Y ). Since dim(E) and dim(Z) are smaller
than dim(X), it follows by induction on dim(X) that H2a−b−1
Y˜ ∩E
(E,Λ(a)) = 0 and
H2a−bY ∩Z (Z,Λ(a)) = 0, thus the map f
∗ : H2a−bY (X,Λ(a)) → H
2a−b
Y˜
(X˜,Λ(a)) is
injective.
We now let Z ′ = h−1(Y ), Z˜ = f ′−1(Z ′) and consider the commutative diagram
resulting from (6.5):
(6.6)
H2a−bY (X,Λ(a))
f∗
//
h∗

H2a−b
Y˜
(X˜,Λ(a))
h′∗
H2a−bZ′ (W,Λ(a))
f ′∗
// H2a−b
Z˜
(W˜ ,Λ(a)).
Since W ∈ Smk, we know that H
2a−b
Z′ (W,Λ(a)) = 0. Using (6.6), it suffices
therefore to show that h′∗ is injective. But this follows from Lemma 6.8. The proof
of the first vanishing assertion is now complete.
To prove that H2a−bc (X,Λ(a)) = 0 whenever a > d + b, we choose an open
immersion j : X →֒ X with dense image such that X is projective over k. Letting
Z = X \X , it follows from [37] and [18, Chapter 5] that there is a distinguished
triangle in DM(k,Λ):
(6.7) M c(Z)→M c(X)→M c(X)→M c(Z)[1].
In particular, there is an exact sequence
H2a−b−1(Z,Λ(d))→ H2a−bc (X,Λ(a))→ H
2a−b(X,Λ(a)),
where we have replaced the cohomology with compact support by the usual motivic
cohomology on the two end terms because X and Z are projective over k. It
follows from the first part of the lemma that the two end terms vanish. The desired
assertion now follows. 
Lemma 6.8. Let f : W → X be a finite and flat morphism of degree pr in Schk
with dim(X) = d. Let Y ⊆ X be a closed subscheme and Z = Y ×X W . Then
the pull-back map f∗ : H2a−bY (X,Λ(a)) → H
2a−b
Z (W,Λ(a)) is injective whenever
a > d+ b.
Proof. When Y (and hence Z) is empty, both sides are zero by [25, Theorem 5.1]
and so the lemma holds. Otherwise, we let U = X \ Y and V = f−1(U). Let
v : X → Spec (k) and u :W → Spec (k) denote the structure maps.
By [18, Definition 4.3.1, Corollary 5.2.4], the spectrum HΛ ∈ SH has the
structure of traces. In particular, for any m,n ∈ Z, there exists a trace map
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Trf : Rf∗Lf
∗Lv∗(Σm,nHΛ) → Lv∗(Σm,nHΛ) in SHX such that its composition
with the unit of adjunction (Lf∗,Rf∗):
Lv∗(Σm,nHΛ)→ Rf∗Lf
∗Lv∗(Σm,nHΛ)
Trf
−−→ Lv∗(Σm,nHΛ)
is multiplication by pr. In particular, the composite map
(6.9) HomSHX (1X ,Lv
∗(Σm,nHΛ))
f∗
//
++❲❲❲
❲❲❲❲
❲❲❲❲
❲❲❲❲
❲❲❲❲
❲❲
HomSHX (1X ,Rf∗Lf
∗Lv∗(Σm,nHΛ))
f∗

HomSHX (1X ,Lv
∗(Σm,nHΛ))
is multiplication by pr, where we let f∗ denote the maps on the cohomology groups
induced by Trf . It follows that this composite map is an isomorphism.
On the other hand, we have HomSHX (1X ,Lv
∗(Σm,nHΛ)) ∼= Hm(X,Λ(n)) by
[25, Corollary 3.6]. Moreover,
HomSHX (1X ,Rf∗Lf
∗Lv∗(Σm,nHΛ)) ∼=1 HomSHW (Lf
∗(1X),Lf
∗Lv∗(Σm,nHΛ))
∼= HomSHW (1W ,L(v ◦ f)
∗(Σm,nHΛ))
∼= HomSHW (1W ,Lu
∗(Σm,nHΛ))
∼=2 Hm(W,Λ(n)),
where ∼=1 is a consequence of adjointness of the pair (Lf∗,Rf∗) and ∼=
2 follows
from [25, Corollary 3.6]. Using these isomorphisms in (6.9), we get the maps
Hm(X,Λ(n))
f∗
−→ Hm(W,Λ(n))
f∗
−→ Hm(X,Λ(n))
whose composite is an isomorphism.
We now consider the commutative diagram
(6.10) H2a−b−1(X,Λ(a)) //
f∗

H2a−b−1(U,Λ(a)) //
f∗

H2a−bY (X,Λ(a))
//
f∗

0
H2a−b−1(W,Λ(a)) //
f∗

H2a−b−1(V,Λ(a)) //
f∗

H2a−bZ (W,Λ(a))
//

0
H2a−b−1(X,Λ(a)) // H2a−b−1(U,Λ(a)) // H2a−bY (X,Λ(a))
// 0,
whose rows are exact because H2a−b(X,Λ(a)) = H2a−b(W,Λ(a)) = 0, as we
saw in the beginning of the proof. It follows that there exists an arrow f∗ :
H2a−bZ (W,Λ(a))→ H
2a−b
Y (X,Λ(a)) such that all squares in this diagram commute.
Since the left and the middle composite vertical arrows are isomorphisms, as we
just observed above, it follows that the right composite vertical arrow must also be
an isomorphism. In particular, f∗ : H2a−bY (X,Λ(a))→ H
2a−b
Z (W,Λ(a)) is injective.
This finishes the proof. 
Theorem 6.11. With the notation of 3.1, assume that f is either a closed im-
mersion such that dim(Y ) < dim(X) = d, or an open immersion. Then the map
KGL0X [
1
p
]→ s0KGLX [
1
p
] ∼= HZ[ 1p ] induces for every integer i ≥ 0, an isomorphism
(6.12) CKH2d+i,d+i(Mf )Λ
∼=
−→ H2d+i(Mf ,Λ(d+ i)).
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In particular, the canonical map KGL0X → KGLX induces a natural cycle class
map
(6.13) cyci : H
2d+i(Mf ,Λ(d+ i))→ KHi(f)Λ.
Proof. By [25, 5.12-5.13], the argument in Theorem 5.13 also applies to Lπ∗KGL0.
In particular, there is a strongly convergent spectral sequence:
(6.14) Ea,b2 = H
a−b(Mf ,Λb≤0(n− b))⇒ CKH
a+b,n(Mf )Λ,
where Λb≤0 = Λ if b ≤ 0 and is zero otherwise. Furthermore, this spectral sequence
degenerates with rational coefficients.
Combining the spectral sequence (6.14) with Lemma 6.2, we conclude that the
edge map CKH2d+i,d+i(Mf)Λ → H2d+i(Mf ,Λ(d+ i)) is an isomorphism for every
i ≥ 0. Finally, we compose the inverse of this isomorphism with the canonical map
CKH2d+i,d+i(Mf )Λ → KHi(Mf )Λ to get the desired cycle class map. 
Note that the proofs of Lemma 6.2 and Theorem 6.11 show that they remain
valid without inverting p and without assuming resolution of singularities if f is a
closed immersion of smooth schemes. We thus get the following.
Corollary 6.15. Let k be a perfect field and let f : Y →֒ X be a closed immersion
in Smk. Then there exists a cycle class map for i ≥ 0:
cyci : H
2d+i(X |Y,Z(d+ i))→ Ki(X,Y )
whose kernel is a torsion group.
6.16. The Chern class map to relative motivic cohomology. The Chern class
maps from the homotopy invariant K-theory of singular schemes to their motivic
cohomology was constructed in characteristic zero in [25, § 6]. Using the recent
result of Kerz, Strunk and Tamme [20] and the double construction of [2], we can
generalize the construction of [25] to the relative setting and positive characteristic
as follows.
Theorem 6.17. Let k be a perfect field. Let X be a smooth scheme over k and let
f : Y →֒ X be the inclusion of an effective Cartier divisor. Assume that k admits
resolution of singularities. Then there are Chern class maps
cX,Y,b : KHa(X,Y )→ H
2b−a(X |Y,Z(b))
which are functorial in the pair (X,Y ).
Proof. To prove the theorem, we shall use the doubling trick of [2]. We let SX =
S(X,Y ) denote the double of X along Y (see § 2.9). Using the cdh-descent for the
motivic cohomology and KH-theory, it suffices to construct the Chern class map
from KHa(SX , X−) to H
2b−a(SX |X−,Z(b)) (see the proof of Lemma 4.16).
After this reduction, the proof is now identical to that of [25, Theorem 6.9] with
very minor modifications that we explain. We follow the notations of [25, § 6].
We only have to show that [25, Lemma 6.4] is valid in the present case too. But
this is immediate from our assumption that k admits resolution of singularities and
the recent result of [20] that the canonical map KH(Z) → K˜cdh(Z) (induced by
the cdh-descent for KH , shown in [8]) is a weak equivalence of spectra for any
Z ∈ Schk.
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Following the rest of the argument of [25, Theorem 6.9] verbatim, we obtain a
commutative diagram of Chern class maps
(6.18) KHa(SX)
Cb //
ι∗+

H−acdh(SX , C∗zequi(A
b
k, 0)cdh)
ι∗+

∼= // H2b−a(SX ,Z(b))
ι∗+

KHa(X−)
Cb // H−acdh(X−, C∗zequi(A
b
k, 0)cdh)
∼= // H2b−a(X−,Z(b)).
Since ι+ : X− →֒ SX is naturally split by ∇ : SX → X , we get the desired
natural map
(6.19) cX,Y,b : KHa(SX , X−)→ H
2b−a(SX |X−,Z(b)).
The functoriality of cX,Y,b is clear from its construction. We refer to the proof
of [25, Theorem 6.9] for further detail. 
7. Chow group with modulus and relative motivic cohomology
We keep the assumption on the ground field k and the coefficient ring Λ as
before. In this section, we shall construct a natural map from the Chow groups
with modulus to the relative motivic cohomology groups. We shall later show that
this map is an isomorphism for 0-cycles on affine schemes.
7.1. Higher Chow groups and motivic cohomology with support. Consider
a Cartesian square of quasi-projective schemes
(7.2)
Z
u //
v′ 
Z ′
w

X
v // X ′
where (X ′, X) is a smooth pair with dim(X ′) = d ≥ 1, and X is a divisor. We
assume that the vertical arrows are closed immersions of codimension q ≥ 1 such
that Z ′ is integral and is not contained in X . In particular, (7.2) is a transverse
square. Let L be the line bundle on X ′ associated to X . For any locally closed
subscheme U ′ ⊂ X ′, let ziX(U
′, •) be the subcomplex of Bloch’s cycle complex
zi(U ′, •) generated by integral cycles which intersect X properly. Given any open
subset U ′ ⊂ X ′ and U = X ∩ U ′, there is a commutative diagram
(7.3)
ziX(Z
′ ∩ U ′, •) //

zi+qX (U
′, •) //

zi+qX (U
′ \ Z ′, •)

zi(Z ′ ∩ U ′, •) // zi+q(U ′, •) // zi+q(U ′ \ Z ′, •).
The localization theorem for Bloch’s complex says that the bottom row is a
distinguished triangle in the derived category of chain complexes of abelian groups.
Since X ∩ (X ′ \ Z ′) 6= ∅ and X ⊂ X ′ is a divisor, the proof of Bloch’s localization
theorem shows easily that the top row is also a distinguished triangle. By [23,
Theorem 1.10] it follow that the middle and the right vertical arrows are quasi-
isomorphisms. So the left vertical arrow is also a quasi-isomorphism.
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On the other hand, there is a commutative diagram of cycle complexes
(7.4)
ziX(Z
′ ∩ U ′, •) //
u∗

zi+qX (U
′, •) //
v∗

zi+qX (U
′ \ Z ′, •)
v∗

zi(Z ∩ U, •) // zi+q(U, •) // zi+q(U \ Z, •).
In particular, there is a pull-back map u∗ : CHi(Z ′, j) → CHi(Z, j) which is
induced by capping with the first Chern class c1(L). Furthermore, it is immediate
that (7.3) and (7.4) are compatible with respect to the inclusions of open subsets
U ′1 ⊂ U
′
2 in X
′. By varying the open U ′ ⊂ X ′, it follows that (7.3) and (7.4) form
commutative diagrams of complexes of presheaves of abelian groups on the small
Zariski site of X ′.
It is shown in [37, Proposition 4.2.9] that there is a monomorphism of chain
complexes ψU ′ : C∗zequi(U
′, i) →֒ zd−i(U ′, •) which is functorial with respect to flat
pull-back and proper push-forward. In particular, this induces a monomorphism
of complexes of presheaves of abelian groups on the small Zariski site of X ′. Note
here that by C∗zequi(U
′, i), we mean C∗zequi(U
′, i)(Spec (k)). For any complex C
of presheaves of abelian groups on the small Zariski site of X ′, we let Czar denote
the sheafification of C.
We get a sequence of morphisms of complexes of Zariski sheaves
(7.5)
C∗zequi(−, i) // z
d−i(−, •)zar z
d−i
X (−, •)zar
oo
∩X

C∗zequi(−, i− 1)|X // zd−i(−, •)zar|X .
Note that C∗zequi(−, i) is already a complex of Zariski sheaves. All arrows
except the vertical one in this diagram are quasi-isomorphisms of complexes of
Zariski sheaves (see [37, Proposition 4.2.9]). It follows that there is a morphism
v∗ : C∗zequi(−, i) → C∗zequi(−, i − 1)|X in the derived category of complexes of
Zariski sheaves and a commutative diagram
(7.6)
C∗zequi(−, i)|Z′ // C∗zequi(−, i)|X′ //
v∗

C∗zequi(−, i)|X′\Z′
v∗

C∗zequi(−, i− 1)|Z // C∗zequi(−, i− 1)|X // C∗zequi(−, i− 1)|X\Z .
It follows from (7.4) and (7.5) that the two rows in (7.6) are distinguished tri-
angles in the derived category of complexes of Zariski sheaves and the right square
commutes. We therefore obtain a morphism u∗ : C∗zequi(−, i)|Z′ → C∗zequi(−, i−
1)|Z such that (7.6) commutes. Moreover, (7.5) implies that
(7.7)
C∗zequi(−, i)|Z′ //
u∗

zd−i−q(−, •)zar|Z′
u∗
C∗zequi(−, i− 1)|Z // z
d−i−q(−, •)zar|Z
commutes.
It follows from [37, Proposition 4.2.9, Theorem 4.3.7] (see also [28, Theorem 19.11])
that for any W ∈ Smk, the Zariski hypercohomology of C∗zequi(−, i)|W are the
motivic cohomology groups of W . In particular, the commutative square of hyper-
cohomology groups induced by the right square in (7.6) is isomorphic to the one
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induced on the motivic cohomology by the commutative diagram of motives
(7.8)
M(X \ Z) //
v

M(X)
v

M(X ′ \ Z ′) // M(X ′).
We conclude from (7.6) that the hypercohomology of C∗zequi(−, i)|Z′ and C∗zequi(−, i)|Z
are the motivic cohomology groups of MZ′(X
′) and MZ(X), respectively. More-
over, the left vertical arrow in (7.7) is the one induced by the canonical map
u :MZ(X)→MZ′(X ′). We have thus shown the following.
Lemma 7.9. Given the commutative diagram (7.2), there are induced maps of
motives v : MZ(X) → MZ′(X ′) and cycle complexes u∗ : zi(Z ′, •)→ zi(Z, •), and
a commutative diagram of associated hypercohomology groups
(7.10)
HomDMk(MZ′(X
′),Z(i)[j])
v∗

αZ′ // CHi−q(Z ′, 2i− j)
u∗
HomDMk(MZ(X),Z(i)[j])
αZ // CHi−q(Z, 2i− j)
in which the horizontal arrows are isomorphisms.
7.11. Relation between Chow group and motivic cohomology. Let X be a
smooth quasi-projective scheme of dimension d ≥ 0 over k and let D ⊂ X be an
effective Cartier divisor. We let U = X \ D. We let SX denote the double of X
along D (see § 2.9). We have the inclusions U ∼= U± ⊂ X± ⊂ SX .
Let q ≥ 1 be an integer and let Z ⊂ X be an integral cycle in zq(X |D, 0). The
modulus condition implies that Z ⊂ U . We consider the embeddings Z
i
−→ U+ =
SX \ X−
j+
−→ SX , where the composite map is a closed immersion. We therefore
have a sequence of maps
(7.12)
CH0(Z)Λ
∼=α−1Z 
λZ
++
HomDM(k,Λ)(MZ(U+),Λ(q)[2q])
∼= // HomDM(k,Λ)(MZ(SX),Λ(q)[2q])

H2q(SX ,Λ(q)) HomDM(k,Λ)(M(SX),Λ(q)[2q]).
∼=oo
We let λZ : CH
0(Z)Λ → H2q(SX ,Λ(q)) denote the composite of all arrows
in (7.12) and set λX|D([Z]) = ΛZ(1). We extend it linearly to define a group
homomorphism λX|D : z
q(X |D, 0)→ H2q(SX ,Λ(q)).
Lemma 7.13. The map λX|D induces a group homomorphism
λX|D : CH
q(X |D)Λ → H
2q(SX ,Λ(q)).
Proof. To prove the lemma, we consider the diagram
(7.14)
zq(X |D, 1) 

//
∂∗1−∂
∗
0

zq(A1X |A
1
D, 0)λ
A1
X
|A1
D
// H2q(SA1X ,Λ(q))
ι∗1−ι
∗
0
zq(X |D, 0)
λX|D
// H2q(SX ,Λ(q)).
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To show that ΛX|D kills the subgroup of cycles rationally equivalent to zero is
equivalent to showing that λX|D ◦ (∂
∗
1 −∂
∗
0) = 0. It follows from [2, Proposition 2.3]
that SA1X is canonically isomorphic to A
1
SX
and the right vertical arrow in (7.14) is
induced by the inclusion ιt : SX →֒ A1SX for t = 0, 1. It follows from the homotopy
invariance of the motivic cohomology that the right vertical arrow in (7.14) is zero.
Our assertion will therefore follow if we show that (7.14) commutes.
LetW ∈ zq(X |D, 1) be an integral cycle which intersects the faces of A1X properly
and whose closure in P1X satisfies the modulus D. To show the commutativity
of (7.14), it suffices to show that the diagram
(7.15)
rt
⊕
i=1
CH0(Zi)Λ
∼=

CH0(W )Λ
∼=

ι∗t // CH0(Wt)Λ
∼=

HomDM(k,Λ)(MW (A
1
U+
),Λ(q)[2q])
∼=

ι∗t // HomDM(k,Λ)(MWt(U+),Λ(q)[2q])
∼=

HomDM(k,Λ)(MW (A
1
SX
),Λ(q)[2q])

ι∗t // HomDM(k,Λ)(MWt(SX),Λ(q)[2q])

HomDM(k,Λ)(M(A
1
SX
),Λ(q)[2q])
∼=

ι∗t // HomDM(k,Λ)(M(SX),Λ(q)[2q])
∼=

H2q(A1SX ,Λ(q))
ι∗t // H2q(SX ,Λ(q))
commutes for t = 0, 1, where {Z1, · · · , Zrt} are the irreducible components ofWt =
ι∗t (W ). Note that ι
∗
t (1) is the cycle class of Wt = ∂
∗
t ([W ]) in CH
0(Wt)Λ ∼= Λrt .
The bottom three squares commute by the commutativity of the diagram
(7.16)
M(SX) //
ιt

MWt(SX)
ιt

MWt(U+)
ιt

∼=oo
M(A1SX )
// MW (A
1
SX
) MW (A
1
U+
).
∼=oo
The top square commutes by Lemma 7.9. We conclude that (7.15) commutes
and this completes the proof. 
Our main result on the relation between cycles with modulus and relative motivic
cohomology is the following.
Theorem 7.17. Let k be a perfect field. Let X be a smooth quasi-projective scheme
of dimension d ≥ 0 over k and let D ⊂ X be an effective Cartier divisor. Then the
following hold for every integer q ≥ 0.
(1) The map λX|D : z
q(X |D, 0)→ H2q(SX ,Λ(q)) induces a map
(7.18) λX|D : CH
q(X |D)Λ → H
2q(X |D,Λ(q)).
(2) If D ∈ Smk, then the inclusion zq(X |D, •) →֒ zq(X, •) induces, for all
i ≥ 0, a map
(7.19) λX|D : CH
q(X |D, i)→ H2q−i(X |D,Z(q)).
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Proof. We have a commutative diagram with exact bottom row (4.18), (4.19):
(7.20)
CHq(X |D)Λ
λX|D
ww
0 // H2q(X |D,Λ(q))
ν+,∗
// H2q(SX ,Λ(q))
ι∗−
// H2q(X,Λ(q)) // 0.
It is therefore enough to show that ι∗− ◦ λX|D = 0. But this is clear from the
construction of λX|D in (7.12) because MZ(X−) = 0 and the diagram
(7.21)
M(X−)
ι−
//

M(SX)

M(U+)

oo
MZ(X−)
ι−
// MZ(SX) MZ(U+)
∼=oo
commutes for any integral cycle Z ∈ zq(X |D, 0). This proves (1).
We now prove (2). Using Theorem 5.21, it is enough to construct a map
CHq(X |D, i)→ CHqM(X |D, i). But this follows from the observation that
zqM(X |D, •)→ z
q
D(X, •)→ z
q(D, •)→ zqM(X |D, •)[1]
is a distinguished triangle in the derived category of abelian groups and the com-
posite map zq(X |D, •) → zqD(X, •) → z
q(D, •) is zero. Hence, the inclusion
zq(X |D, •) →֒ zqD(X, •) factors through a map λX|D : z
q(X |D, •) → zqM(X |D, •)
in the derived category. In particular, it induces the desired map between the
homology groups. 
7.22. Cycle class map for Chow groups with modulus. If the relative K-
theory is to be described by higher Chow groups with modulus, as conjectured,
then there must exist a cycle class map from the higher 0-cycles with modulus to
the relative higher K-groups. As a consequence of Corollary 6.15, Theorem 7.17,
and the weak equivalence of spectra K(X,D)→ KH(X,D), it follows immediately
that this is indeed the case if D ⊂ X is a smooth divisor.
Corollary 7.23. Let k be a perfect field and let D ⊂ X be an inclusion of a smooth
divisor in Smk. Then there exists a cycle class map for i ≥ 0:
cyci : CH
d+i(X |D, i)→ Ki(X,D).
A cycle class map of the kind given in Corollary 7.23 was constructed in [1].
In that construction, Binda uses a different definition for the Chow groups with
modulus compared to the ones described in § 2.5. His modulus condition is stronger
and this allows him to prove the result when D is a simple normal crossing divisor.
A very general cycle class map for our definition of the Chow groups with modulus
is constructed in [14] (where D is allowed to be any Cartier divisor). However, this
construction exists only in the pro-setting where we need to consider the pro-abelian
groups {CHd+i(X |mD, i)}m≥1. The main point of the new result Corollary 7.23 is
that it shows that for smooth pairs, we do not need to go to the pro-setting.
8. The isomorphism theorem
The goal of this section is to show that the comparison map λX|D of Theorem 7.17
is an isomorphism for 0-cycles on affine schemes. Our strategy for showing this is
to use the doubling trick once again and combine this with Theorem 2.11. Other
crucial ingredient is the Roitman torsion theorem of [21].
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Throughout this section, we fix an algebraically closed field k. We also fix a
smooth quasi-projective scheme X of dimension d over k. We let D ⊂ X be a
smooth divisor. Let SX = S(X,D) denote the double of X along D. We let
U = X \D and SU = ∇−1(U) = U+ ∐ U−, where ∇ : SX → X is the fold map.
We first construct a comparison map for SX . Let x ∈ SU be a closed point. We
let S = Spec (k(x)). Since ιS : S →֒ SX is a local complete intersection (lci), it
follows from [29, Definition 2.32, Theorem 2.33] that there is a push-forward map
ιS,∗ : Z
∼=
−→ H0(S,Λ(0))→ H2d(SX ,Z(d)). Since (SU , S) is a smooth pair, the map
ι∗ is induced by the maps of motives
(8.1) M(SX)→MS(SX)
∼=
←−MS(SU )
∼=
−→M(S)(d)[2d].
We let γSX ([x]) = ιS,∗(1) ∈ H
2d(SX ,Z(d)) and extend this construction linearly
to get a map
(8.2) γSX : Z0(SX)→ H
2d(SX ,Z(d)).
Lemma 8.3. The map γSX descends to a group homomorphism γSX : CH0(SX)→
H2d(SX ,Z(d)) such that the diagram
(8.4)
CH0(SX)
cycSX //
γSX 
K0(SX)
κSX

H2d(SX ,Z(d))
cycSX
// KH0(SX)
is commutative.
Proof. By the moving lemma, we can write CH0(X) = Z0(U)/R0(X/U), where
R0(X/U) = Z0(U) ∩ R0(X) ⊂ Z0(X). We then have a diagram of split exact
sequences
(8.5) 0 // Z0(X |D)
p+∗
//

Z0(SX)
ι∗−
//

Z0(U) //

0
0 // CH0(X |D)
p+∗
//
λX|D

CH0(SX)
ι∗−
//
γSX

✤
✤
✤
CH0(X) //
λX

0
0 // H2d(X |D,Z(d))
p+∗
// H2d(SX ,Z(d))
ι∗−
// H2d(X,Z(d)) // 0.
It is immediate from the definition of λX|D in (7.12) and γSX in (8.2) that
all squares in the outer diagram (ignoring the middle row) in (8.5) commute. Let
α ∈ Z0(SX) be such that it dies in CH0(SX). We can uniquely write α = p+∗(α1)+
∇∗(α2). Since ι∗− ◦ ∇
∗ is identity, we must have that α1 ∈ R0(X |D) and α2 ∈
R0(X/U) ⊂ Z0(U). But then α1 must die in H2d(X |D,Z(d)) by Theorem 7.17(2),
and hence it must die in H2d(SX ,Z(d)). Similarly, α2 must die in H
2d(X,Z(d)).
In particular, we must have γSX (∇
∗(α2)) = 0 in H
2d(SX ,Z(d)). We conclude that
γSX (α) = γSX (p+∗(α1)) + γSX (∇
∗(α2)) = 0. This proves the first part.
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To show that (8.4) commutes, we choose a closed point x ∈ SU , set S =
Spec (k(x)) and consider the diagram
(8.6) Z
≃ // CH0(S)
≃ //
##❍
❍❍
❍❍
❍❍
❍❍

H0(S,Z(0))

&&▼
▼▼
▼▼
▼▼
▼▼
▼▼
K0(S) //

KH0(S)

CH0(SX)
γSX
//
##❍
❍❍
❍❍
❍❍
❍❍
H2d(SX ,Z(d))
&&▼
▼▼
▼▼
▼▼
▼▼
▼▼
K0(SX) // KH0(SX).
To show that the bottom face of this cube commutes, it suffices to show that its
all other faces commute. Now, the top and front face clearly commute and the left
face commutes by the definition of the cycle class map (see [2, Lemma 3.12]). The
back face commutes by definition of γSX . To show that the right face commutes,
we can break it into a diagram
(8.7) H0(S,Z(0)) //

H2dS (SX ,Z(d))
//

H2d(SX ,Z(d))

KH0(S) // KH
S
0 (SX)
// KH0(SX).
The left square clearly commutes and the right square commutes by Theo-
rem 5.10 and Theorem 5.21. The lemma is now proven. 
The final result of this paper is the following comparison theorem for 0-cycles.
Theorem 8.8. Let X be a smooth affine scheme of dimension d ≥ 1 over an
algebraically closed field k and let D ⊂ X be a smooth divisor. Then the map
λX|D : CH0(X |D)→ H
2d(X |D,Z(d))
is an isomorphism.
Proof. Since (X,D) is a smooth pair, the double SX is a simple normal crossing
variety in the sense of [10, § 2.1]. In particular, it follows from [10, Proposition 6.4]
that γSX is surjective. We remark here that the surjectivity of γV is proven in
the above cited work for an arbitrary simple normal crossing variety V if we work
with Λ-coefficients (see the end of § 2). However, it is an elementary checking that
the proof yields this surjectivity with integral coefficients if we let V = SX . We
conclude from (8.5) that λX|D is surjective.
To show that λX|D is injective, it suffices to show using (8.5) that γSX is injective.
Using (8.4), it suffices to show that κSX ◦ cycSX is injective. By [21, Corollary 6.8],
it suffices to show that κSX is injective.
Since excision holds for the K-theory of affine schemes in degrees up to zero (see
[2, Proposition 11.3]), and since it holds for KH-theory in all degrees [8], there is
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a commutative diagram of exact sequences
(8.9) K1(S
N
X )
//

K1(D) //

K0(SX) //

K0(S
N
X )
//

K0(D)

KH1(S
N
X )
// KH1(D) // KH0(SX) // KH0(S
N
X )
// KH0(D).
Since X and D are regular, all vertical arrows except possibly the middle one
are isomorphisms. It follows that middle vertical arrow is also an isomorphism. In
other words, κSX is in fact an isomorphism. This finishes the proof. 
Remark 8.10. The proof of Theorem 8.8 shows that λX|D is surjective even if X is
not affine.
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